We consider the interactions in a mesonic system, referred here to as 'tetron', consisting of two heavy quarks and two lighter antiquarks (which may still be heavy in the scale of QCD), i.e. generally Q a Q bqcqd , and study the existence of bound states below the threshold for decay into heavy meson pairs. At a small ratio of the lighter to heavier quark masses an expansion parameter arises for treatment of the binding in such systems. We find that in the limit where all the quarks and antiquarks are so heavy that a Coulomb-like approximation can be applied to the gluon exchange between all of them, such bound states arise when this parameter is below a certain critical value. We find the parametric dependence of the critical mass ratio on the number of colors N c , and confirm this dependence by numerical calculations. In particular there are no stable tetrons when all constituents have the same mass. We discuss an application of a similar expansion in the large N c limit to realistic systems where the antiquarks are light and their interactions are nonperturbative. In this case our findings are in agreement with the recent claims from a phenomenological analysis that a stable bbūd tetron is likely to exist, unlike those where one or both bottom quarks are replaced by the charmed quark.
Introduction
Multiquark hadrons, whose internal structure apparently goes beyond the standard template of three quark baryons and quark-antiquark mesons, have recently been observed in various experiments (for a recent review see e.g. [1, 2] ). All such exotic hadrons found so far contain a heavy b or c quark and a corresponding antiquark. For this reason they all are unstable with respect to annihilation of a heavy quark-antiquarks pair, even though their rate of dissociation into conventional hadrons can be small. There is a whole spectrum of theoretical models for description of such resonances. In particular the most discussed models for the mesonic ones are the molecular [3, 2] , the tetraquark (a recent review can be found in Ref. [4] ) and the 'hadro-quarkonium' [5, 6] . A different kind of phenomenology of multiquark hadrons would be accessible if there existed systems made of two heavy quarks (as opposed to a quark-antiquark pair) and two lighter antiquarks: Q a Q bqcqd , that would be bound below the threshold for dissociation into a pair of Qq mesons. Such hadrons have been discussed within the quark model for quite some time [7, 8] , and the lightest of them can decay only through the weak interaction. In view of special properties of such systems we call them here 'tetrons' implying that they in fact are 'stable' mesons made of four constituents.
A recent revival of the interest in tetrons is inspired by the observation [11] by LHCb of a doubly charmed baryon Ξ ++ cc ∼ ccu. The measurement of the mass of the baryon at about 3621 MeV has provided an estimate of the effective mass of the heavy quark pair cc (with the interaction between the quarks in the color antitriplet state), and thus an input into phenomenological models [14, 15] .
The latter models are based on the picture [8] , where due to the attraction in the colorantisymmetric state, the heavy quark pair forms a compact, in fact a point-like, bound state. This bound state then acts essentially as a heavy antiquark and binds either with a light quark to form a baryon, e.g. Ξ ++ cc , or with a light antiquark pair to form a tetron, e.g. Q a Q būd . Since the latter binding is similar to that in respectively a heavy meson and a heavy (anti)baryon, by applying the known mass differences, e.g. between Λ c and D, or between Λ b and the B-meson, the masses of possible tetrons containing cc, or bb, or bc heavy quark pair can be estimated. In this way it has been argued [14, 15] that there are no stable tetrons with cc heavy quark pair, but there definitely is a bbūd one, well below the B −B0 threshold, and also likely similar weakly decaying strange tetrons [15] bbsq with q standing for either u or d. Numerical evidence for such states has been established in lattice nonrelativistic QCD [12] , as well as using the approximation of static b-quarks [13] . (The conclusion about existence of mixed bottom-charm tetrons bcqq is not conclusive in Ref. [14] and negative in [15] .)
It is clear however that the similarity of the interaction in a tetron to that in an (anti)baryon, where a heavy antiquark is replaced by a compact color-antisymmetric pair of heavy quarks is not exact. One simple reason for a deviation is the spin-dependent interaction, which is suppressed for heavy quarks and which to some extent can be accounted for [15] . The other (and less tractable) reason is that the heavy quark pair has a finite size with the most important effect being a flip of the color state from antisymmetric to symmet-ric (with the corresponding change of the color of the light antiquark pair). The existence of these configurations was recognized in the previous studies [7, 9, 10] and was taken into account in a series of approximations.
In what follows we treat the mixing of the color configurations explicitly within an expansion in the ratio of the distance between the heavy quarks to the characteristic distance to the light antiquarks. The point-like limit [8, 14, 15] is the first term in this expansion. It naturally appears that for sufficiently heavy quark pair with the (reduced) mass M , the characteristic size of the bound state is proportional to 1/M , while the distance scale for the light (massless) antiquarks in a tetron is set by Λ QCD , so that the ratio of the distance scales is proportional to Λ QCD /M . We will argue however that the effects of the deviation from the point-like approximation are enhanced in the limit of large number N c of colors, so that the relevant parameter for this deviation is in fact
which at N c = 3 indicates that the point-like limit is not applicable if at least one of the heavy quarks is the charmed one. On the other hand, this limit may work with reasonably small corrections of order ξ for tetrons with the bb quark pair.
Furthermore, it appears that a stable tetron does not exist if the parameter ξ is of order one or larger. To establish this behavior, we consider in Section 2 the limit where all the quarks and the antiquarks are asymptotically heavy, so that the relevant distances for bound states are short. One can then apply the Coulomb-like limit for the gluon exchange among all constituents, with a non-relativistic Hamiltonian describing the interplay of color configurations. The two scales are introduced in this model by considering the quarks Q as having mass M that is larger than the mass m of the antiquarksq. The ratio f = m/M is a variable parameter.
1 The bound state problem in this model is solved by a numerical variational calculation; on the other hand it is analyzed in terms of an expansion in the size of the heavy bound QQ pair. We find that an analog of the parameter (1) in this solvable model is
On the other hand we find from the numerical calculation that a stable tetron in this system exists only when the ratio f is smaller than a certain critical value f c (N c ),
where the coefficient a is of order one, numerically a ≈ 0.77. It is thus plausible that the condition for existence of a stable tetron is a small value of the expansion parameter [in this model ξ c in Eq. (2)] describing the deviation from the point-like model for the pair of heavy constituents.
Unlike in the solvable model with Coulomb-like forces, interactions in a system containing light u, d, or s quarks cannot be described by a potential. However some features of a gluon exchange can be applied to such systems in the limit of large number of colors N c with the usual assumption [16] that, as N c increases, the coupling α s decreases, so that the product N c α s stays of order one. We discuss the parameters describing a tetron in this limit in Section 3.
Finally, Section 4 contains general discussion and conclusions.
A solvable model with superheavy quarks
We consider a system of two heavy quarks Q with mass M and two lighter (but still heavy) antiquarksq with mass m each. For the start we assume no statistics symmetry constraints, e.g. assuming that the quarks are not identical, even though they have the same mass. The odd numbered positions r 1 and r 3 refer to the quarks, while the even ones r 2 and r 4 are those for the antiquarks. The gluon exchange potential between the color constituents at positions r i and r j is
with T a (i) being the color generators acting on the constituent at r i , and d ij in the Coulomb limit is given by
The condition for the system to be colorless can be satisfied with two configurations of the sub-systems described by the color combinations:
where α and β are color indices in the fundamental representation of the color group SU (N c ). Clearly in the Ψ configuration the color singlets are (q (2) Q (1) ) and (q (4) Q (3) ) while in Φ they are (q (4) Q (1) ) and (q (2) Q (3) ). The sum of pairwise one-gluon exchanges among the four constituents results in the potential that can be written in terms of Ψ and Φ as
where we have used the notation
The potential matrix in Eq. (7) is not symmetric, because the color states Ψ and Φ in Eq. (6) are not orthogonal,
Orthogonal (and normalized) states can be chosen as
and the one-gluon exchange potential (7) in the basis of these states reads as
where
The Hamiltonian with the potential (11) clearly has a Z 2 × Z 2 symmetry under switching of the positions of the quarks, r 1 ↔ r 3 , and (independently) switching the positions of the antiquarks, r 2 ↔ r 4 . The symmetry of the u and w components is opposite; e.g. if the w component is even under swapping of quarks then the u component has to be odd. This implies that the eigenstates of the Hamiltonian can be classified in terms of the symmetry of the w component: w ++ , w −− , w +− and w −+ .
Furthermore, one can readily see that the states u and w contain the quark (antiquark) pair of a definite color symmetry: symmetric in u and antisymmetric in w. 2 In particular, at N c = 3 the u state contains a color sextet quark (anti-sextet antiquark) pair, while the state w contains the antitriplet quark (triplet antiquark) pair configuration. Thus it is the latter w component that is present in the phenomenological analyses of Refs. [14, 15] . When the heavier quarks Q are close to each other, the term d 13 becomes dominant, (p + q) ≈ 2d 13 , and one recovers from Eq. (11) the attraction in the color antisymmetric state:
This attraction binds the Q quarks into a compact Coulomb-like system with the size and energy becoming, at large N c ,
Clearly, at large M such distance scale is small in the scale R q of the dynamics of the lighter antiquarks in the considered system, and one can consider an expansion in the ratio r QQ /R q . In the zeroth order of this expansion, i.e. at vanishing r QQ , the off-diagonal terms in Eq. (11) vanish and there is no mixing between the w and u components, and thus one can set u = 0. Then the leading at large N c interaction for the lighter antiquarks is that with the heavier quarks. After setting r 3 = r 1 in the proportional to N c part of the diagonal term in Eq. (11) one finds the potential
2 The color and coordinate symmetry properties of the components certainly become essential for identical quarks with the constraint of the Fermi-Dirac statistics.
describing an independent Coulomb-like interaction of the two lighter antiquarks with the compact QQ system. Naturally, the latter interaction corresponds to spectra of two independent Qq Coulomb-like quarkonia, with the distance and energy scale set as
It is also clear that the ground state in both the potential (13) and (15) is spatially symmetric, so that the overall ground state of the tetron is of the type w ++ under the Z 2 × Z 2 symmetry. Due to the binding between the heavy quarks by the potential (13) the resulting fourquark system is stable under decay to two quarkonium mesons. It should be noted however that this binding is only sub leading in terms of the large N c counting, as can be seen by comparing the expressions (13) and (15) . Thus the discussed 'hierarchy' of the binding energies is only applicable if the ratio f of the masses is small enough at a fixed N c . In other words there is a critical value of this ratio f c (N c ) above which the described approximation fails. In order to evaluate the behavior of f c (N c ) we consider here the effects arising at a finite ratio r QQ /R q . We find that the main effect arises due to non-vanishing off-diagonal elements in the potential (11):
This term can be considered as small as long as the energy shift that it produces in the second order is small in comparison with either of the energy scales [in Eq. (14) or Eq. (16)]. One can readily verify that using the energy scale E QQ imposes a more stringent bound on
so that the applicability of the discussed expansion fails at f > f c (N c ) with f c given by Eq. (3). In particular the absence of a stable bound state at larger mass ratio makes highly unlikely existence of a 'double bottomonium' occasionally discussed in the literature (see e.g. Ref. [17, 18, 19] ). By performing a numerical variational calculation we find that the lowest bound state in the system is of the w ++ type and exists only when the ratio in Eq. (18) is small so that the mass ratio f is smaller than the critical value described by Eq. (3) (see Fig. 1 ). 3 The results for the values of f c at which the bound state disappears at different N c are shown in Fig. 2 .
We computed the data points in Fig. 2 with a generalization of the algorithm developed for the positronium molecule [20] . Both wave-function components u and w are represented as a sum of Gaussian trial functions of all six inter-particle distances. We use a basis of 200 trial functions for each of the components. Much larger bases can be employed if higher precision is warranted. A challenge in this calculation is a slow convergence very near the threshold. This explains the slight spread of the data points around the fitted curve in Fig. 2 . Figure 1 : Extra binding energy of a tetron (in units of the total binding for two independent Qq mesons) as a function of the antiquark/quark mass ratio f . The number of colors is N c = 3. The state with the symmetry w ++ (circles) is bound more strongly than w −− (triangles). Even the state w ++ is no longer bound when the mass ratio is higher than about f c 0.152.
Tetron with superheavy quarks and massless antiquarks
A potential description, and even more in terms of a Coulomb-like potential, is not applicable for the interaction of light u, d, s quarks, and other methods have to be invoked. In this section we consider a system of two very heavy quarks QQ with mass M each, and two massless quarksqq (which are not necessarily identical, e.g.ūd). Although literally the potential model of the previous section does not apply, some essential features of the interaction in Eq. (11) are retained, in particular a Coulomb-like potential treatment of the interaction between the heavy quarks. Namely, the one gluon exchange between the heavy quarks still produces a compact bound state in the potential (13) with the relevant parameters described by Eq. (14) . This interaction, essential at large M , is however only sub-dominant in the large N c limit, in which limit the dominant effect (of order one) is the interaction between the light and heavy constituents. The heavy-light mesons Qq are formed and the estimate (16) for the relevant characteristic size and energy scale is replaced by
Moreover, the mixing between the w and u components, although not describable by a potential analog of the non-diagonal components in Eq. (11), retains the following features. It is of order one in the limit of large N c and it vanishes at zero spatial separation r QQ between the heavy quarks. Thus one can estimate the amplitude of the mixing in the linear order of the expansion in r QQ as
The perturbation parameter for the mixing is then evaluated as
which results in the estimate in Eq. (1).
Final remarks
The parameter ξ in Eq. (1), similarly to ξ c in (2), controls the applicability of the treatment of tetron starting from a compact bound diquark made of the heavy quarks. A perturbative expansion in the spatial separation is possible when this parameter is (formally) much less than one, and generally this expansion becomes invalid once the ξ is of order one. Our calculations in the solvable model with heavy quarks however revealed that not only that the expansion becomes inapplicable when ξ c is of order one, but no stable bound tetrons arise at all. We interpret this behavior as that the leading at large N c dipole force [the off diagonal terms in the potential (11)] results in a strong mixing between the w and u components. Such mixing essentially randomizes the total color of heavy diquark, so that a residual net interaction between the heavy constituents largely cancels between the color symmetric and antisymmetric configurations. We thus conclude that it is highly likely that in a more realistic tetron with light quarks the existence of a stable bound state is also controlled by the parameter ξ, and the stability does not exist if ξ is of order one or larger. It is certainly of a primary interest to understand the status of tetrons with the heavy constituents being the actual b and c quarks. Using the criterion based on the estimate in Eq. (1) one readily concludes that for the ccqq and bcqq systems, where the reduced mass M in the heavy diquark is determined by the charm quark mass, there is essentially no chance that the parameter ξ is small. Thus we confirm the finding of the earlier studies [7] that it is highly unlikely that there are stable tetrons with such quark structure.
The parameter ξ from Eq. (1) is more likely to be small enough, if M is proportional to the mass of the b quark. Due to the inherent uncertainty in this estimate for a nonperturbative system it would be impossible to unambiguously claim existence of stable tetrons of such type, based solely on this estimate. However we believe that there is a strong indication that if stable tetrons do exist, the only possibility for them is to be of the double bottom type. At this point we find an agreement with the conclusions based on purely phenomenological estimates in Refs. [14, 15] . It is certainly understood [15] that an experimental observation of double bottom tetrons can be quite challenging. However a search for them may be well worth the effort, as the tetrons possibly present a very unconventional form of hadrons that are stable with respect to strong decay.
Clearly, the smallness of the parameter ξ, or its analog, requires existence of two strongly separated mass scales, whose ratio can ensure that the binding effect in the color antisymmetric state due to heavy masses is not eliminated by a larger in N c destabilizing mixing between the color states. We notice absence of such hierarchy of scales for four-quark systems with only the heavy b and c quarks, e.g. bbcc, so that we do not expect existence of stable tetrons of such type. The same negative conclusion applies to four-quark systems with hidden heavy flavors, such as a double bottomonium bbbb, or double charmonium, cccc, systems.
